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Using lattice simulations we demonstrate from first principles the existence of a non-perturbative
mechanism for elementary particle mass generation in models with gauge fields, fermions and scalars,
if an exact invariance forbids power divergent fermion masses and fermionic chiral symmetries broken
at UV scale are maximally restored. We show that in the Nambu-Goldstone phase a fermion mass
term, unrelated to the Yukawa operator, is dynamically generated. In models with electro-weak
interactions weak boson masses are also generated opening new scenarios for beyond the Standard
Model physics.
1: Introduction – In spite of its impressive phenomeno-
logical success, the Standard Model (SM) of particle
physics is believed to represent only an effective low en-
ergy theory, as it neither accounts for dark matter and
quantum aspects of gravity nor provides enough CP-
violation for baryogenesis. Fermions and electro-weak
(EW) bosons masses are described in terms of a well es-
tablished symmetry breaking pattern [1], but the SM is
by construction unable to shed light on the problems of
EW scale naturalness [2] and fermion mass hierarchy [3].
There have been numerous attempts to build phe-
nomenologically viable models where the EW scale is sta-
ble under quantum corrections, either because the basic
theory enjoys an approximate symmetry larger than in
the SM or because EW and Higgs mass scales are related
in a fixed way to a fundamental dynamical scale. Ex-
amples of the first kind are the many models based on
SuperSymmetry (SUSY) [4, 5] which, besides having the
problem of explaining SUSY breaking, are presently dis-
favoured owing to the experimental exclusion of SUSY
particles with mass up to a few TeV [6]. Approaches of
the second kind assume the existence of some new inter-
action that gets strong around or above the EW scale,
and of new fermionic particles. The original TechniColor
idea [7, 8] could account for the EW boson masses, but
attempts to understand heavy fermion masses in Ex-
tended TechniColor (ETC) models [9, 10] face severe
problems to comply with experimental constraints on
flavour changing neutral currents, even in subsequently
developed Walking ETC models [11–14]. Other ways to
comply with experimental constraints and possibly ad-
dress the flavour hierarchy problem are represented by
the partially composite Higgs models [15, 16] and by
models with extra dimensions [17–19].
At variance with previous attempts, a novel intrinsi-
cally non-perturbative (NP) mechanism for elementary
fermion mass generation was conjectured in [20]. This
mechanism is expected to be at work in non-Abelian
gauge models where (as usual) 1) chiral transformations
acting on fermions and scalars are exact symmetries,
but (deviating from common assumptions) 2) purely
fermionic chiral symmetries undergo an explicit break-
ing at the UV scale. When bare parameters are “nat-
urally” tuned so as to minimize fermion chiral break-
ing, in the effective Lagrangian (EL - generating func-
tional of proper vertices) no Yukawa term occurs, but
operators of NP origin that violate fermion chiral sym-
metries, among which a fermion mass term, should ap-
pear, if the scalar potential is such that the theory lives
in its Nambu–Goldstone (NG) phase. Upon introducing
EW interactions, the same mechanism also yields mas-
sive W±, Z0 bosons and a composite Higgs boson in the
W+W−/Z0Z0 channel [21].
In this paper we employ lattice simulations (lacking an-
alytical methods) to provide evidence from first principles
for the occurrence of the NP mass generation mechanism
of Ref. [20], within the simplest d = 4 model where it
could take place.
2: Mass generation in a toy model – The Lagrangian
of the “toy” (yet non-trivial) model of interest here [20]
reads
Ltoy=Lk(Q,A,Φ)+V(Φ)+LW (Q,A,Φ)+LY (Q,Φ) (1)
with Lk and V representing standard kinetic terms and
scalar potential. Ltoy includes an SU(3) gauge field, Aµ,
with bare (renormalized) coupling g0 (gs), a Dirac dou-
blet, Q = (u, d)T , transforming as a triplet under SU(3)
and a complex scalar doublet, ϕ = (ϕ0+iϕ3,−ϕ2+iϕ1)T ,
singlet under SU(3). For the latter we use the 2 × 2
matrix notation Φ = [ϕ |− iτ2ϕ∗]. The model has an
UV cutoff ΛUV ∼ b−1 and includes a Yukawa term,
LY (Q,Φ) = η
(
Q¯LΦQR + Q¯RΦ
†QL
)
, as well as a non-
standard term
LW (Q,A,Φ)= b
2
2
ρ
(
Q¯L
←−DµΦDµQR+ Q¯R←−DµΦ†DµQL
)
. (2)
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2The latter is a Λ−2UV × d = 6 operator that leaves the
model power-counting renormalizable [20], like it hap-
pens for the Wilson term in lattice QCD [22, 23]. Neither
LW nor LY are invariant under purely fermionic chiral
transformations.
Among other symmetries, the Lagrangian (1) is invari-
ant under the global transformations (ΩL/R ∈ SU(2))
χL × χR = [χ˜L × (Φ→ ΩLΦ)]× [χ˜R × (Φ→ ΦΩ†R)] , (3)
χ˜L/R : QL/R → ΩL/RQL/R , Q¯L/R → Q¯L/RΩ†L/R . (4)
No power divergent fermion masses can be generated as a
term like ΛUV (Q¯LQR+ Q¯RQL) is not χL×χR invariant.
2A: Wigner phase and fermion chirality restoration –
Ltoy is not invariant under the purely fermionic chiral
transformations χ˜L × χ˜R. However, as shown in [20],
in the phase with positive renormalized squared scalar
mass (µˆ2φ > 0), where the χL × χR symmetry is realized
a` la Wigner, a critical value of the Yukawa coupling, ηcr,
exists at which (up to O(b2) corrections) the effective
Yukawa term vanishes. The renormalized Schwinger–
Dyson equations (SDE), say for the χ˜L transformations
read (no sum over i = 1, 2, 3, |x|  b)
∂µ〈ZJ˜ J˜L iµ (x) Oˆi(0)〉=(η¯−η)〈
(
D˜iL(x)Oˆ
i(0)〉+O(b2) , (5)
D˜iL = Q¯L
τ i
2
ΦQR−Q¯RΦ† τ
i
2
QL , (6)
with Oˆi any χ˜L covariant operator. The current J˜
L i
µ
is given in [20]. Owing to parity, similar SDE hold for
χ˜R. At the value η = ηcr(g
2
0 , ρ, λ0) that solves the equa-
tion η − η¯(η; g20 , ρ, λ0) = 0 the SDE take the form of
Ward–Takahashi identities (WTI) and the fermionic chi-
ral transformations χ˜L × χ˜R become symmetries [24] of
the model (1) up to O(b2) terms. In (5) the dimension-
less coefficient η¯ = η¯(η; g20 , ρ, λ0) stems from the mixing
of the χ˜L-variations of LW and LY , while ZJ˜ is a multi-
plicative renormalization factor (free of logarithmic UV
divergencies at η = ηcr). Symmetries constrain the ex-
pression of the EL so that in the Wigner phase its d = 4
piece is analogous in form to Ltoy, namely
ΓWig4 ≡ Γµˆ2φ>0 = Γk(A,Q,Φ) + (7)
+[η − η¯(η; g20 , ρ, λ0)]
(
Q¯LΦQR + Q¯RΦ
†QL
)
+ Vˆ(Φ) ,
Γk=
1
4
(FF )+Q¯LD/QL+Q¯RD/QR+ 1
2
Tr
[
∂µΦ
†∂µΦ
]
. (8)
The Wigner phase is thus well suited to determine the
critical value of η, where the effective Yukawa term disap-
pears from Eq. (7). We stress that, neglecting O(b2) arti-
facts, η¯ and ηcr are independent of the subtracted scalar
mass µˆ2φ (see Supplemental Material [25], Sect. III) and
thus equal in the Wigner and NG phase. From Eq. (5)
ηcr can be determined, e.g. as the value of η where (no
sum over i = 1, 2, 3, x 6= 0)
∂µ〈A˜iµ(x)D˜iP (0)〉
〈D˜iP (x)D˜iP (0)〉
= 0 , A˜iµ= J˜
L i
µ −J˜R iµ , (9)
D˜iP = Q¯L
{
Φ,
τ i
2
}
QR − Q¯R
{
τ i
2
,Φ†
}
QL . (10)
An equivalent, but statistically less noisy, condition is
discussed below (“Lattice study and results”). We stress
that the existence of an ηcr, where the χ˜L× χ˜R transfor-
mations become symmetries of the theory (up to O(b2)),
is a general property of the Wigner phase independently
of the specific form of LW . Owing to renormalizability
and universality, changing LW would only modify the
values of ηcr, ZJ˜ and O(b
2) artifacts.
2B: Nambu–Goldstone phase and “NP anomaly” – Most
interesting is the case µˆ2φ < 0 where V(Φ) has a double-
well shape with 〈:Φ†Φ:〉 = v211 , v 6= 0, so that the χL ×
χR symmetry is realized a` la NG. In large volume under
any, even infinitesimal, symmetry breaking perturbation
the χL × χR symmetry will be spontaneously broken to
SU(2)V . Moreover, at η = ηcr residual O(b
2v) χ˜L × χ˜R
violating terms will polarize the degenerate vacuum re-
sulting from the spontaneous χ˜L×χ˜R symmetry breaking
brought about by strong interactions.
Realization of the χL×χR invariance a` la NG has a key
impact on low energy physics. Three elementary massless
Goldstone bosons appear in the spectrum which need to
be included in the EL. In Ref. [20] it was argued that at
η = ηcr the EL describing the model (1) should include
χ˜L × χ˜R violating terms of NP origin, among which a
fermion mass term.
This conjecture can be checked by studying the SDE
associated with the χ˜L × χ˜R transformations (see e.g.
Eq. (5)) in the NG phase. Exploiting parity invariance,
we more conveniently evaluate the effective PCAC mass
from the axial SDE (no sum over i = 1, 2, 3, x0  b)
ZA˜
ZP
mAWI≡ ZA˜
∑
x ∂0〈A˜i0(x)P i(0)〉
2ZP
∑
x〈P i(x)P i(0)〉
∣∣∣
ηcr
, P i=Q¯γ5
τ i
2
Q ,
(11)
where ZA˜ = ZJ˜ |ηcr and ZP are renormalization factors.
If NP χ˜L× χ˜R violating terms were absent in the critical
EL, one should find
ZA˜
ZP
mAWI → 0 as b ∼ Λ−1UV → 0.
Lattice simulations (see “Lattice study and results”) show
that
ZA˜
ZP
mAWI is not vanishing in the continuum limit.
In the NG phase the EL describing the model (1) is
expressed in terms of effective fermion, gauge and scalar
fields. The latter, in view of v 6= 0, are conveniently
rewritten [26] introducing Goldstone (ζ1,2,3) and massive
(ζ0) scalar fields in the form
Φ = RU , R = (v + ζ0) , U = exp[iv
−1τkζk] , (12)
where U is a dimensionless field transforming as U →
ΩLUΩ
†
R under χL × χR. The non-analytic field U only
makes sense if v 6= 0. At η = ηcr the d ≤ 4 EL sector
reads [20] (see Eq. (7))
ΓNG4 = c2Λ
2
STr(∂µU
†∂µU) + c1ΛS [Q¯LUQR + h.c.] +
+c˜ΛSRTr(∂µU
†∂µU) + Γµˆ2φ<0 + O(Λ
2
S/v
2) , (13)
3where ΛS is the renormalization group invariant (RGI)
scale and the term ∝ c1 describes the NP breaking of
χ˜L × χ˜R. Upon expanding U around the identity one
gets
c1ΛS [Q¯LUQR+Q¯RU
†QL] = c1ΛSQ¯Q[1+O(ζ/v)] , (14)
thus a fermion mass term plus a host of more compli-
cated, non-polynomial Q¯−ζ1,2,3 ′s−Q vertices.
The NP term (14) was conjectured in [20] to arise dy-
namically in the EL 13 of the theory (1) from the inter-
play of strong interactions and the breaking of χ˜L × χ˜R
at the UV scale. The occurrence of this χ˜L×χ˜R violating
term in the EL is essential to account for the non-zero
value we find for ZA˜
∑
x ∂0〈A˜i0(x)P i(0)〉|η=ηcr (Eq. (11))
despite the fact that the operators A˜i0 and P
i transform
differently under χ˜L × χ˜R. The coefficient c1 in Eq. (14)
has been argued in [20] to be an O(g4s) odd function of ρ.
As for its dependence on the scalar squared mass, c1 is
expected to stay finite in the phenomenologically inter-
esting limit −µˆ2φ  Λ2S [20, 21] and be non-zero only for
µˆ2φ < 0. Indeed in our interpretation the NP term (14)
arises from the spontaneous χ˜L × χ˜R breaking which is
effective only in the NG phase where the degenerate vac-
uum gets polarized by residual O(b2v) χ˜L× χ˜R breaking
effects.
A proper understanding of the NP terms in the expres-
sion (13) requires considering what is the natural exten-
sion of the χ˜L × χ˜R symmetry in the presence of EW
interactions [21]. In that context one finds that maxi-
mal restoration of the chiral fermion symmetry entails
the vanishing of the coefficient c˜ in (13), leaving only the
NP terms with coefficients c1 and c2, which are responsi-
ble for the dynamical mass of fermions and weak bosons,
respectively [20, 21].
At η = ηcr all the NP terms occurring in the r.h.s.
of the χ˜L × χ˜R SDE must be RGI, as the l.h.s. of the
SDE is. Conservation up to O(b2) of the ZJ˜ J˜
L(R)i
µ cur-
rents makes the l.h.s. of the χ˜L× χ˜R SDE scale invariant
independently of µˆ2φ.
The full NG phase EL, ΓNG ⊃ ΓNG4 contains of course
an infinite number of local terms of arbitrarily high di-
mension, among which terms of NP origin that break the
χ˜L×χ˜R symmetry. The occurrence of these NP and RGI
terms in the EL will be referred to as a “NP anomaly”
in the restoration of χ˜L × χ˜R symmetry.
3: Lattice study and results – We describe the main steps
and results of our numerical study of the model (1) in a
lattice regularization consistent with the exact χL × χR
symmetry. Lattice χL × χR invariance entails relations
between renormalization constants (e.g. ZA˜ = ZV˜ ) and
discretization errors of O(b2n) only (n integer). The ar-
guments of Ref. [20] imply that the “NP anomaly” lead-
ing to elementary fermion mass generation occurs even
if fermion loops are neglected. Thus in this first investi-
gation we decided to work in the quenched approxima-
tion [27]. Quenching brings key simplifications as scalar
and gauge fields can be generated and renormalized in-
dependently from each other. In Supplemental Material
[25] we give details on our lattice setup and data analysis.
For a given choice of bare gauge coupling (β = 6/g20),
scalar potential parameters (λ0, m
2
φ − m2cr = µˆ2φ/Zm2φ)
and strength (ρ) of the LW term, we tune the bare cou-
pling, η, so as to restore the fermionic chiral symmetry
χ˜L × χ˜R. This task is conveniently carried out in the
Wigner phase by looking for the value of η at which
rAWI(ηcr, ρ, λ0, g
2
0)=
N (x0, y0; η, ρ, λ0, g20)
D(x0, y0; η, ρ, λ0, g20)
∣∣∣
η=ηcr
= 0 , (15)
N (x0, y0;...)=b6
∑
x,y
〈P 1(0)∂FW0 A˜1,BW0 (x)ϕ0(y)〉 , (16)
D(x0, y0;...)=b6
∑
x,y
〈P 1(0)D˜1P (x)ϕ0(y)〉, ϕ0=
Tr[Φ]
2
, (17)
where ∂FW0 is a forward lattice derivative and A˜
1,BW
0 the
backward one-point-split lattice version of Q¯γ0γ5
τ1
2 Q.
D˜1P and P
1 are given in Eqs. (10) and (11), respectively.
The time distances x0 and y0 − x0 are separately opti-
mized so as to isolate the lowest-lying pseudoscalar (PS)
meson and one-Φ particle states. In Fig. 1 we show
rAWI vs. η at three values of the bare gauge coupling,
β = 5.75, 5.85 and 5.95. In the quenched approximation
they correspond to lattice spacings of about 0.15, 0.12
and 0.10 fm, respectively, if we conventionally assume
for the Sommer scale r0 = 0.5 fm (as in QCD). The val-
ues of ηcr(6/β, ρ, λ0)|ρ=1.96 are denoted by red squares.
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FIG. 1. rAWI as a function of η at β = 5.75, 5.85 and 5.95.
Red squares denote the values of ηcr, at which rAWI = 0.
In the NG phase we work at η = ηcr, taking into
account its uncertainty. First we compute the effective
PCAC mass (11). For convenience Z−1P is evaluated in a
hadronic scheme defined in the Wigner phase by taking
Z−1P r
−2
0 = G
W
PS = 〈0|P 1|PS meson〉W at the subtraction
point, MPS , given by the PS meson mass (see below).
As for ZA˜, we exploit the equality ZA˜ = ZV˜ , entailed by
the χL × χR invariance, and evaluate ZV˜ from an exact
WTI.
In Fig. 2 we plot the renormalized quantity
2r0mAWIZV˜ Z
−1
P vs. (b/r0)
2. A linear extrapolation
4shows that its continuum limit lies about three standard
deviations away from zero.
0.0
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FIG. 2. 2mRAWIr0 ≡ 2r0mAWIZV˜ Z−1P vs. (b/r0)2 in the NG
phase and its linear extrapolation to the continuum limit.
Secondly, as another check that the effective PCAC
mass
ZA˜
ZP
mAWI is non-zero, indicating the presence in the
EL of a fermion mass term, we have computed from the∑
x〈P 1(0)P 1(x)〉 correlator the mass of the lowest lying
PS meson. Our data for r0MPS are plotted in Fig. 3
as a function of (b/r0)
2 together with the best fit linear
extrapolation to vanishing lattice spacing. The figure
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FIG. 3. r0MPS in the NG phase vs. (b/r0)
2 and its linear
extrapolation to the continuum limit.
shows that the continuum limit of r0MPS lies above zero
by more than five standard deviations. On the other
hand, if r0MPS had a vanishing continuum limit, one
should see r20M
2
PS approaching zero as b
2 → 0 with a
b4-rate. On a (b/r0)
4 scale our r20M
2
PS data lie very close
to the continuum limit and are not compatible with a“no
mechanism” hypothesis (see Supplemental Material [25]).
Finally we checked that at η = ηcr(ρ) the magni-
tude of
ZA˜
ZP
mAWI (and M
2
PS) is actually controlled by
the strength of fermionic chiral breaking as measured by
the parameter ρ in front of LW (2). An increase of ρ
by a factor 1.5 yields an increase of
ZA˜
ZP
mAWI by a fac-
tor of about 2.4 (see Supplemental Material [25]) in good
agreement with expectations from [20] and section “Mass
generation in a toy model”. For a correct interpretation
of this finding one should notice that in more realistic
models supporting the mass generation mechanism under
discussion and accounting for EW interactions, parame-
ters (like ρ) that control the strength of fermionic chiral
breaking, and hence the NP mass terms, are not com-
pletely free, as they are constrained by the conditions of
maximal restoration of the χ˜L × χ˜R symmetry (see [21]
and Sect. VI of Supplemental Material [25]).
4: Conclusions and outlook – In this paper by means of
pioneering lattice simulations we have demonstrated from
first principles the occurrence of an elementary fermion
mass term as a “NP anomaly” in the EL of a renor-
malizable SU(3) gauge model (Eq. (1)). In this model
a doublet of strongly interacting fermions is coupled to
a colourless complex scalar doublet via chiral breaking
Yukawa and higher dimensional (LW in Eq. (2)) opera-
tors. Indeed, once bare parameters are chosen so as to
ensure (maximal) restoration of fermionic chiral symme-
tries, a fermion mass of the order of the RGI scale (ΛS) is
generated in the phase where the exact symmetry acting
on fermions and scalars is spontaneously broken.
This result represents a ground-breaking progress in
quantum field theory as it provides evidence for the oc-
currence of a NP obstruction (“anomaly”) to the recov-
ery of broken fermionic chiral symmetries giving rise to
a dynamically generated fermion mass term.
From a phenomenological viewpoint EW interactions
can be included without introducing tree-level flavour
changing neutral currents by promoting the exact χL ×
U(1)Y invariance to a gauge symmetry. Since the χ˜L×χ˜R
transformations now act both on fermions and weak
bosons, one can show that i) the requirement of maxi-
mal χ˜L restoration leads to stringent constraints on the
chiral breaking parameters and ii) a unique NP mecha-
nism generates fermion and weak boson mass terms [21].
This mass generation phenomenon is alternative to
the Higgs mechanism and provides an interesting start-
ing point for beyond the SM models. As all masses are
parametrically of the order of the RGI scale, the lat-
ter must be much larger than ΛQCD ∼ 300 MeV, if the
masses of the top quark and the EW bosons have to be
explained. This observation suggests the existence of a
new non-Abelian gauge interaction that gets strong at
a scale ΛT  ΛQCD, and of new elementary fermions
with O(ΛT ) NP masses. Crude estimates [20, 21] hint at
ΛT = O(a few TeV). Since the condition of χ˜L restora-
tion implies the decoupling of ζ0 (the isosinglet compo-
nent of Φ), one ends up with models of the composite
Higgs [15, 16] type, where the 125 GeV resonance is a
bound state [20, 21] in the WW +ZZ channel formed
owing to the new strong force.
In the theoretical framework sketched above we see also
a chance of understanding the observed fermion mass
hierarchy. Denoting by c1,fΛT the dynamical mass of
the SM fermion f and by g the gauge coupling of the
strongest gauge interaction which f is subjected to, it
turns out [20] that c1,f is O(g
4) for the heaviest fermion
5generation and possibly of higher order for the other gen-
erations. In this way one can understand e.g. the top to
τ mass ratio [21]. Further remarks about extending the
model (1) to a phenomenologically sensible theory are
deferred to the Supplemental Material [25].
In summary, by combining the condition of maximal
restoration of fermionic chiral symmetry explicitly bro-
ken at the UV scale (a weak form of ’t Hooft natural-
ness) with the assumption of the existence of a new non-
Abelian gauge interaction with ΛT = O(a few TeV), we
find a novel mechanism that gives mass to elementary
fermions and EW gauge bosons. In models based on this
mechanism the EW scale can be related to the scale of
new physics at which new resonances should be detected
in accelerator experiments.
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I. LATTICE FORMULATION
Lattice simulations of models with gauge, fermion and
scalar fields are rather uncommon in the literature. See,
however, Ref. [1] for a quenched study where, unlike here,
the scalar field belongs to the fundamental representation
of the SU(2) gauge group but no χ˜L × χ˜R symmetry
violating terms are included.
For our purposes it is crucial to adopt a lattice for-
mulation preserving the exact χL × χR symmetry, while
including terms breaking the purely fermionic χ˜L × χ˜R
invariance. We have thus chosen the lattice regularized
action of the model (L1) to be of the form
SL=b
4
∑
x
{
Lgk[U.]+Lsk(Φ)+V(Φ)+Q¯DL[U.,Φ]Q
}
, (1)
Lgk[U.] : SU(3) plaquette action ,
Lsk(Φ) + V(Φ) =
=
1
2
tr [Φ†(−∂∗µ∂µ)Φ] +
m2φ
2
tr [Φ†Φ] +
λ0
4
( tr [Φ†Φ])2 ,
where the na¨ıve lattice discretization of fermions was
used. We set Φ = ϕ011 + iϕjτ
j and denote by the sym-
bol U. the set of gauge links. Here and in the following
by “(Ln)”, with n integer, we shall refer to the equa-
tion (n) of the Letter, also called “main text”. Setting
F (x) ≡ [ϕ011 + iγ5τ jϕj ](x) the lattice Dirac operator
reads
(DL[U.,Φ]Q)(x) = γµ∇˜µQ(x) + ηF (x)Q(x) +
−b2ρ1
2
F (x)∇˜µ∇˜µQ(x) +
−b2ρ1
4
[
(∂µF )(x)Uµ(x)∇˜µQ(x+ µˆ) +
+(∂∗µF )(x)U
†
µ(x− µˆ)∇˜µQ(x− µˆ)
]
. (2)
Gauge covariant lattice derivatives are defined via
∇˜µf(x)≡ 1
2
(∇µ +∇∗µ)f(x) , (3)
b∇µf(x) ≡ Uµ(x)f(x+ µˆ)− f(x) ,
b∇∗µf(x)≡f(x)− U†µ(x− µˆ)f(x− µˆ) . (4)
The partial derivatives ∂µ, ∂
∗
µ are the forward, backward
derivatives ∇µ, ∇∗µ, respectively, with Uµ = 1 . We use
periodic boundary conditions for the boson (gauge and
scalar) fields, while for fermions we impose antiperiodic
boundary conditions in time and periodic ones in three-
dimensional space.
The lattice action (1) describes 2 (isospin) × 16 (dou-
blers) fermionic flavours, even in the b→ 0 limit. In fact,
the fermion Lagrangian term proportional to ρ, which is
a lattice regularization of the LW term of Eq. (L2), being
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2the product of b2 times a (dimension six) fermion bilin-
ear operator with two derivatives, does not remove the
doublers in the continuum limit. However, for the goals
of the present quenched study, the presence of doublers
in the valence sector, which does not alter the β-function
and hence preserves the asymptotic freedom of the model,
is harmless. With respect to the unquenched case, the
quenched approximation is expected to entail only some
systematic error (typically of order 10–20% based on Lat-
tice QCD experience) in the value of the coefficient c1
of the NP fermion mass term (see Eq. (L13)) that is
possibly generated in the NG phase EL. For analogous
unquenched studies a lattice Dirac operator DL[U.,Φ]
with no doublers would of course be needed, which could
e.g. be built by using the domain-wall [2] or overlap [3]
fermion kernel for two flavours with the addition of suit-
able Yukawa and LW -like terms.
A. Fermionic regularization
Following closely Refs. [4], [5] and [6] for staggered
fermions, one can analyze the fermion flavour content
of the action (1). We first rewrite its fermionic sec-
tor in terms of the field χ(x) = A−1x Q(x) with Ax =
γx11 γ
x2
2 γ
x3
3 γ
x4
4 , then we pass to the so-called flavour basis
qBα,a(y)=
∑
ξ
U(2y, 2y + ξ)[Aξ]α,a(1−bξµ∇˜µ)
8
χB(2y + ξ),
(5)
where α, a and B, all taking values in {1, 2, 3, 4}, denote
Dirac, taste and replica indices. While the χB(x) fields
are defined on the fine lattice xµ = 2yµ + ξµ, ξµ = 0, 1
with U(2y, 2y + ξ) denoting the average of link products
along the shortest paths from 2y to 2y + ξ, the flavour
basis fields qBα,a(y) live on the coarse lattice with coordi-
nate yµ (here we have set b = 1). In terms of these fields
close to the continuum limit the lattice fermionic action
reads
SFL =
∑
y,B
q¯B(y)
{∑
µ
(γµ⊗11)Dµ+ηFB(y)
}
qB(y)+O(b2) ,
(6)
where for each B value the matrix FB(y) = ϕ0(2y)(11⊗
11) + sBiτ
iϕi(2y)(γ5⊗ t5), s1,2 = 1 = −s3,4, has a “Dirac
⊗ taste” structure with tµ = γ∗µ taste matrices. Un-
like in the original Q(x) basis, in the flavour basis q(y)
defined via Eq. (5) space-time and flavour degrees of free-
dom are completely disentangled from each other. As the
action (6) is diagonal in taste and replica indices up to
O(b2), it obviously describes 32 fermion species, namely 4
replicas of the 4 tastes of the isospin doublet QT = (u, d).
The quark bilinears expressed in the Q basis, once
summed over one 24 hypercube of the fine lattice, have
well defined quantum numbers in the classical continuum
limit, as one checks by rewriting them in the flavour q(y)
basis. For example the isotriplet pseudoscalar density
P i(x) = Q(x)γ5
τ i
2
Q(x) , xµ = 2yµ + ξµ (7)
summed over the hypercube (ξµ = 0, 1) yields in flavour
basis the corresponding isotriplet, taste diagonal density
1
16
∑
ξ
P i(2y + ξ)=
4∑
B=1
sBq
B(y)(γ5 ⊗ t5)τ
i
2
qB(y)+O(b2) .
(8)
Similarly for the lattice backward isotriplet axial current
A˜i,BWµ (x) =
1
2
Q(x− µˆ)γµγ5 τ
i
2
Uµ(x− µˆ)Q(x) + (9)
+
1
2
Q(x)γµγ5
τ i
2
U†µ(x− µˆ)Q(x− µˆ) , x = 2y + ξ
summing over the hypercube one finds in the flavour basis
the corresponding isotriplet, taste diagonal current,
1
16
∑
ξ
A˜i,BWµ (2y+ξ)=
4∑
B=1
sBq
B(y)(γµγ5⊗t5)τ
i
2
qB(y)+O(b2) .
(10)
B. Renormalizability and other technicalities
Beyond tree level, loop effects do not generate d ≤ 4
terms besides the operators that are already present in
the lattice action (1). This follows from the symmetries
(gauge, H(4), χL × χR, C, P, T) of the model (1) which
were discussed in Ref. [7] and are preserved by the lat-
tice regularization. The latter is chosen so as to respect
the “spectrum doubling symmetry” [8] of na¨ıve fermions,
implying that the action (1) is invariant under the trans-
formations
Q(x)→ Q′(x) = e−ix·piHMHQ(x)
Q(x)→ Q′(x) = Q(x)M†Heix·piH , (11)
where H is an ordered set of four-vector indices H ≡
{µ1, ..., µh}, (µ1 < µ2 < ... < µh). For 1 ≤ h ≤ 4 there
are 16 four-vectors piH , with piH,µ = pi if µ ∈ H or piH,µ =
0 otherwise and 16 matrices MH ≡ (iγ5γµ1)...(iγ5γµh).
The use of symmetric (gauge covariant) lattice deriva-
tives ∇˜µ acting on Q in the LW term is dictated by the
need of preserving the spectrum doubling symmetry. The
latter, being an exact symmetry of SL, is an invariance
of the lattice effective action ΓL[U.,Φ, Q]. Hence all
fermion species, including doublers, enter in a symmet-
ric way in the effective action, in particular in the non-
irrelevant local terms
∑
y
∑
B q
B(y)(γµ⊗11)DµqB(y) and
(η − η¯)∑y∑B qB(y)FB(y)qB(y) (in the flavour basis).
These nice renormalization properties imply in partic-
ular that ηcr, as determined from the vanishing of rAWI
(Eq. (L15)), is unique for all fermion species.
As the model (1) is studied in the quenched approxima-
tion, problems with exceptional configurations of gauge
3and scalar fields supporting very small eigenvalues of
DL plague, as expected, the Monte Carlo sampling of
fermionic observables. In order to avoid such problems
and have a robust IR cutoff in the fermionic propagators
we include in the lattice action (1) an additional “twisted
mass” term [9, 10]
StmL = b
4µ
∑
x
Q¯(x)iγ5τ
3Q(x). (12)
This term does not spoil power counting renormalizabil-
ity, it only breaks in a soft way the χL × χR symmetry
and can thus be safely removed at the end of the calcu-
lations by taking (even at fixed lattice spacing) the limit
µ→ 0.
In quenched lattice QCD there is overwhelming numer-
ical evidence (see e.g. Refs. [11–14]) that at large enough
Euclidean time separations the correlators (vacuum ex-
pectation values of local fields) with fixed spatial mo-
mentum admit a spectral decomposition in terms of in-
termediate states with definite quantum numbers. The
products of matrix elements entering this spectral rep-
resentation (in particular those involving excited states)
may at worst take values that are not consistent with
time-reflection positivity, because the quenched model,
owing to the omission of virtual quark contributions, is
not unitary. We shall here assume that the same holds
true in our quenched model (1). The validity of this as-
sumption about the lowest-lying states of the spectrum
is confirmed by strong numerical evidence for all the cor-
relators we actually evaluated – as we routinely checked
in our data analyses. As a typical example, we show
i) in Fig. 1 the PS-meson two–points correlator in the
NG phase of the critical model for β = 5.95 and two dif-
ferent twisted quark mass values (for more details on sim-
ulation parameters see Table IV), together with its best
fit to the exponential time dependence that is expected
from one-particle state dominance, and ii) in Fig. 2 the
corresponding effective mass plot, from the plateau of
which the PS-meson mass is eventually estimated.
C. Ignoring fermionic disconnected diagrams
In our quenched study of the lattice model (1) the cal-
culation of the correlators appearing in Eq. (L11) and
Eqs. (L16)-(L17) was carried out by consistently neglect-
ing all the fermionic disconnected Wick contractions.
The latter arise in correlators with isospin non-singlet
operators because of the occurrence of isospin chang-
ing fermion-antifermion-Φ vertices and are statistically
quite noisy. Neglecting fermionic disconnected diagrams
is, however, justified in our case as it affects neither the
results for the mixing coefficient η¯ (which determines ηcr,
see Eq. (L5)) nor the pseudoscalar isotriplet meson mass,
MPS . It entails only an immaterial (and numerically
small) modification of the renormalized matrix element
ratio
ZA˜
ZP
mAWI , see Eq. (L11).
0.001
0.01
0.1
1
10
0 5 10 15 20 25 30 35 40 45
∑ x〈
P
1
(x
)P
1
(0
)〉
x0/b
β = 5.95, η = ηcr
bµ = 0.0060
bµ = 0.0145
FIG. 1. PS-meson two–points (zero three-momentum) corre-
lators as a function of the time separation x0/b in the NG
phase at β = 5.95, ρ = 1.96, η = ηcr, on a periodic L
3T
lattice with L/b = T/2b = 24 and for twisted quark mass
bµ = (0.0060, 0.0145): data points with statistical error and
the best fit curve corresponding to one-particle state domi-
nance in the interval 11 ≤ x0/b ≤ 24 are shown.
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FIG. 2. For the same correlators as in Fig. 1: effective mass
values and the PS-meson mass estimate obtained by fitting
them to a constant in 11 ≤ x0/b ≤ 24 are shown.
The arguments behind the statements above are given
in this section. Following [15], we call “one-boundary”
diagrams the fermionic connected diagrams in which va-
lence fermions localized at y source = 0 are contracted
with the valence quarks sitting at x 6= y source, and “two-
boundaries” diagrams those in which valence quarks and
antiquarks are contracted with each other separately at
y source = 0 and x 6= y source. The valence fermion struc-
ture of the two-boundaries Wick contractions that were
neglected in evaluating all the correlators considered in
this paper is shown in the diagrams of Fig. 3 .
Concerning the evaluation of η¯ − η the key observa-
tion is that the bare SDE of χ˜L and/or χ˜R transforma-
tions (see Eqs. (3.15)–(3.16) of Ref. [7]), as well as their
renormalized counterparts, see e.g. Eq. (L5) for the χ˜L
SDE, can be split in two independent identities accord-
ing to the number of diagram boundaries ensuing from
the way valence quarks are contracted. The reason is
that the one-boundary and the two-boundaries diagrams
have different functional dependencies on x0, which must
4x00 x00
FIG. 3. The typical two-boundaries diagram neglected in
our work, with fermionic bilinear operators inserted at times
(y source)0 = 0 and x0 > 0. The meaning of the cuts through
one of the valence fermion loops (left panel) or just between
them (right panel) is discussed below Eq. (13).
be separately matched between the l.h.s. and the r.h.s.
of the SDE. In fact, for large enough time separations,
the one-boundary Wick contractions are dominated (as
found in many numerical studies) by the lowest–lying
isospin non-singlet intermediate state, while the two-
boundaries diagrams are expected to be saturated by
different states involving an odd number of Φ-particles
and possibly gluons. The quantity η¯ − η, being an oper-
ator mixing coefficient, is a factor common to both one-
boundary and two-boundaries diagrams. In other words,
η¯, and thus ηcr, can be in principle computed equally well
by restricting attention to either the one-boundary or the
two-boundaries Wick contractions relevant for the SDE
of χ˜L,R transformations. We also recall that such SDE
make perfectly sense in the quenched approximation, be-
cause it can be defined as a renormalizable Lagrangian
theory with ghost fields a` la Morel–Bernard–Golterman
(see Refs. [16, 17]).
The mass MPS of the isotriplet pseudoscalar meson,
as obtained, say, from the correlator (here x = (x, x0))
C11(x0) = b
3
∑
x
〈P 1(y source)P 1(x)〉|y source=0 , (13)
can also be evaluated by just restricting attention to
the one-boundary Wick contractions. To see that two-
boundaries diagrams do not affect the value of MPS ,
let us examine them in terms of their possible cuts,
see Fig. 3. One can either cut through one of the two
fermion loops stemming from the Wick contractions at
y source = 0 and at x 6= y source, or one can cut in the mid-
dle of the two-boundaries diagram (no fermionic lines are
cut in this case). In the first case one exposes terms de-
creasing exponentially in Euclidean time with MPS , but
one also recognizes from the cut diagram topology that
these terms merely contribute to the renormalization of
either P 1(x) (as in left panel of Fig. 3) or P 1(y source)
without affecting the value of MPS . In the other case
(right panel of Fig. 3) one obtains terms that, owing to
the quenched approximation, are expected to be domi-
nated by a set of intermediate states that have nothing
to do with a pseudoscalar meson, rather they involve an
odd number of scalar Φ-particles plus gluons.
Unlike η¯ and MPS , the value of bare correlator ra-
tio mAWI (Eq. (L11)) gets instead modified if two-
boundaries diagrams are neglected. The reason is that
two-boundaries diagrams contribute, as we just saw dis-
cussing the case of MPS , to the renormalization of the
isotriplet pseudoscalar quark density and the axial cur-
rent four-divergence, as well as to mixing of these quark
bilinears with other operators involving scalar fields but
no fermions. In the quenched lattice Ltoy model of in-
terest to us, however, the properly renormalized ratio,
mRAWI ≡ ZA˜ZPmAWI , is obtained (at η = ηcr) if one consis-
tently ignores all two-boundaries diagrams in the evalua-
tion of the renormalization constants ZA˜ and ZP , which
is what we have done in our numerical study.
A proof of the above statement can be given as follows.
Let us consider in the quenched approximation the model
Ltoy (see Eq. (1)) and its extension to two generations of
fermion doublets, i.e. an analogous model with fermion
sector action SFL = QDLQ + Q
′
DLQ
′, with Q = (u, d)
and Q′ = (u′, d′) entering with identical χ˜ violating pa-
rameters, ρ and η. Owing to fermion quenching, the
latter model will admit an EL description analogous to
the one of Ltoy (see Eq. (L13)), with the fermion sector
simply replicated for the Q- and the Q′- generations. In
particular the χ˜ violating NP terms in the EL will occur
multiplied by coefficients c1, c2, . . . that are generation-
independent and have the same value as for Ltoy. In
the two generations lattice model introduced above the
non-vanishing of c1 is equivalent to the non-vanishing of
the renormalized correlator ratio (
ZA˜
ZP
mAWI)|gen. off−diag,
where
mgen. off−diagAWI =
∑
x ∂0〈Q¯γ0γ5 τ
1
2 Q
′(x)Q¯′γ5 τ
1
2 Q(0)〉
2
∑
x〈Q¯γ5 τ
1
2 Q
′(x)Q¯′γ5 τ
1
2 Q(0)〉
∣∣∣
ηcr
(14)
and Q¯γµγ5
τ1
2 Q
′ is the current of a χ˜-axial generation
off-diagonal transformation. But this renormalized cor-
relator ratio of the two generations model, to which no
two-boundaries diagrams contribute owing to the genera-
tion off-diagonal nature of the axial current, is just equal
to the ratio
ZA˜
ZP
mAWI that is computed in the one gener-
ation model Ltoy by neglecting two-boundaries diagrams
both in mAWI and in
ZA˜
ZP
. The latter ratio (at η = ηcr)
is hence a renormalized and χ˜ covariant quantity that is
non-vanishing if and only if the coefficient c1 in the EL
expression (L13) is non-zero.
D. Gauge and scalar sector renormalization
Owing to the quenched approximation, gauge and
scalar configurations can be independently generated.
Similarly, action parameter renormalization can be car-
ried out independently for gauge and scalar fields. The
gauge coupling is renormalized by keeping the Sommer
length scale r0 [18, 19] fixed in physical units. In the
following for mere orientation we take its value from cal-
culations of the static quark potential in QCD and set
r0 = 0.5 fm∼ 1/(394 MeV).
The choice of the phase in which the theory lives is
made by taking m2φ either larger (Wigner) or smaller (NG
phase) than the critical value m2cr at which the scalar
5susceptibility diverges (in practice it has a sharp peak on
a large enough space-time volume). The values of the
critical mass are listed in Tab. I.
In our study of mAWI and MPS in the NG phase the
bare scalar parameters in (1) at each value of the lattice
spacing are determined by the renormalization conditions
M2σr
2
0 =1.284 and λR≡
M2σ
2v2R
=0.441 . (15)
Moreover the renormalized scalar vev, vR = Z
1/2
ϕ v, where
Zϕ denotes the scalar field (ϕ) renormalization constant,
is fixed in physical units by the condition v2Rr
2
0 = 1.458.
The ϕ field renormalization constant is computed from
Z1/2ϕ =
[
M2σ
(
b4
∑
y
〈ϕ0(y)ϕ0(0)〉 − V4v2
)]−1
, (16)
where V4 =L
3×T is the lattice four-volume and the mass
Mσ of the one-ϕ0 state is extracted from the time decay
of the correlator b3
∑
x〈ϕ0(x0,x)ϕ0(0,0)〉. Once Mσ, Zϕ
and the bare scalar vev v are known, λR is easily evalu-
ated.
In a numerical simulation on a finite lattice the scalar
vev is always zero, even if m2φ < m
2
cr. Hence following
Refs. [20, 21] the technique of “fixing” the axial part of
the global χL × χR symmetry was exploited in order to
get 〈Φ〉 = v11 6= 0 in the NG phase. As this technique
yields the correct NG phase results up to finite size ef-
fects, by simulating on lattices of different spatial size L
we checked that for the observables discussed in the sec-
tion “Lattice study and results” the finite-L systematic
errors on the quoted values at L ' 2.4 fm are well be-
low the uncertainties shown in Figs. 2 and 3 of the main
text, or those quoted in Sect. II B. Indeed, as detailed
in Sect. II C, simulations at three L-values in the range
2.0 fm < L < 3.4 fm show that the deviations of MPS
and mAWI evaluated at L ' 2.4 fm from their infinite
volume counterparts can be conservatively estimated to
be around 1-2% and 5-7%, respectively, and are hence
marginally significant as compared to the corresponding
purely statistical uncertainties of about 1.5% and 3%.
b/fm b2m2cr r
2
0M
2
σ λR β b
2m2φ λ0
0.152 -0.5269(12) 1.278(6) 0.437(4) 5.75 -0.5941 0.5807
0.123 -0.5357(11) 1.286(6) 0.441(4) 5.85 -0.5805 0.5917
0.102 -0.5460(10) 1.290(7) 0.444(5) 5.95 -0.5756 0.6022
TABLE I. Gauge and scalar bare parameters β, m2φ, λ0 and
the corresponding measured value of the renormalized quan-
tities r20M
2
σ and λR for the three lattice spacings we have con-
sidered. The value of the critical mass b2m2cr which defines
the phase transition point is also given.
The bare parameters used in the NG-phase simulations
are listed in Tab. I. Concerning the simulations in the
Wigner phase aimed at determining ηcr, we have worked
at the same lattice resolution (i.e. β) and the same bare
quartic scalar coupling (λ0) as employed in the NG phase.
For each lattice resolution we have chosen the value of
the bare scalar mass parameter b2m2φ so as to obtain
(m2φ −m2cr)r20 = 1.22 within errors. The latter condition
entails a small and uniform O(b2(m2φ − m2cr)) contribu-
tion to the lattice artifacts in the resulting ηcr values
at the three lattice spacings. These UV cutoff artifacts
are then propagated in the analysis of NG observables
(see Sect. II) and safely removed by extrapolating to the
continuum limit.
A comment about the triviality of the scalar quartic
coupling is in order here. Triviality implies that in order
to really take the limit ΛUV ∼ b−1 → ∞ while keeping
fixed the aforementioned low energy renormalization con-
ditions, among which the one on λR (see Eq. (15)), the
bare quartic coupling λ0 should be made to diverge loga-
rithmically with increasing ΛUV . In practice however we
shall estimate the limit b−1 →∞ of renormalized observ-
ables by considering their values at a few values of 1/b2
which differ from each other by a factor of about two and
correspond to values of λ0 and g
2
0 that change only by a
few percent in the range λ0 . 0.6 and g20 & 1.0 . Under
these circumstances it is a very plausible assumption that
scaling violations behave effectively as polynomials in b2
(about the absence of odd-powers of b see Sect. IV), be-
cause terms O(b2 logk(b2)) – with any integer k – can not
be resolved from genuine O(b2) terms within numerical
errors and in the limited range of 1/b2-values that we ex-
plore. This assumption that we make in our continuum
limit analyses i) makes practically harmless the problem
of triviality and ii) is fully analogous to the assumption
that are made (and well checked) when taking the con-
tinuum limit in all the numerical studies of lattice QCD,
and more recently lattice QCD+QED.
II. DATA ANALYSIS DETAILS
A. Analysis of section “Lattice study and results”
In the Wigner phase we compute rAWI from the ra-
tio (L15) for the values of the bare parameters η and µ
listed in Tab. II and for a value of τ ≡ y0 − x0 = 0.6 fm
chosen conveniently (see below) and kept fixed for the
three lattice spacings. We fit the dependence of rAWI
on η and µ through the linear ansatz rAWI = K0 +
K1η + K2µ, which turns out to describe very well our
data. We thus identify ηcr with −K0/K1. The resulting
values of ηcr for the three lattice spacings correspond-
ing to β = 5.75, 5.85, 5.95 are given in Tab. III. There
we also give the values of the Sommer scale r0 and of
the inverse of the pseudoscalar density renormalization
constant ZP , which is defined in a hadronic scheme in
the Wigner phase as Z−1P = r
2
0〈0|P 1|PS meson〉W (see
main text, Sect. “Lattice study and results” ). The data
for 〈0|P 1|PS meson〉W at fixed lattice spacing are within
statistical errors well linear in µ and in η and were ex-
trapolated to µ = 0 and η = ηcr in order to obtain the
6quoted results for Z−1P .
A remark is in order about the physics of the model
in the Wigner phase, i.e. for m2φ − m2cr > 0. Owing
to the presence in the lattice action of the twisted mass
term ∝ µ (see Eq. (12)), which is needed to give a ro-
bust IR cutoff to all observables, here, even if Φ takes
zero vacuum expectation value, strong interactions in-
duce anyway, just like in QCD, the spontaneous break-
ing of the χ˜ symmetries. At η = ηcr the latter get re-
stored up to negligible O(b2), the scalar field decouple
from quark and gluons and (in large volume) one ob-
serves pseudoscalar mesons with squared mass M2PS ∼ µ
– see the discussion in Sect. V B. In this respect the name
of Wigner phase may be slightly abusive. The lattice spa-
tial size L is large enough that the pseudoscalar meson
mass at all our “Wigner phase” simulation points satisfies
MPS(η, µ)L ≥ 5.3.
b/fm (L3 × T )/b4 η bµ
0.152 163 × 32 -1.1505 0.0180 0.0280 0.0480
(β = 5.75) -1.1898 0.0180 0.0280 0.0480
-1.3668 0.0180 0.0280 0.0480
0.123 163 × 40 -1.0983 0.0224 0.0316 0.0387
(β = 5.85) -1.1375 0.0120 0.0224 0.0316 0.0387
-1.2944 0.0224 0.0387
0.102 203 × 48 -0.9761 0.0186, 0.0321
(β = 5.95) -1.0354 0.0186, 0.0321
-1.0771 0.0100 0.0186, 0.0321
TABLE II. Simulation parameters in the Wigner phase. We
used 480 gauge and scalar paired configurations at each simu-
lation point. Each of these bosonic configurations is different
from any other by either the scalar field or both the scalar
and the gauge ones.
β λ0 ηcr Z
−1
P r0/b
5.75 0.5807 -1.271(10) 20.6(7) 3.291(16)
5.85 0.5917 -1.207(8) 20.1(7) 4.060(22)
5.95 0.6022 -1.145(6) 20.7(9) 4.912(29)
TABLE III. The values of ηcr and Z
−1
P at our three lattice
spacings for ρ = 1.96, the listed values of ρ and λ0 and b
2m2φ
such that r20(m
2
φ −m2cr) ' 1.22. We also quote the values of
r0 in lattice units, taken from Eq. (2.6) of [19], that we use in
the present work.
Another technical remark concerns our particular
choice of the lattice estimator for ηcr. By definition this
special value of η is the one at which the correlator ratio
rAWI (see Eq. (L15)) vanishes for time separations x0
and y0−x0 both sufficiently away from zero, up to O(b2)
lattice artifacts. Due to the latter, in practice one obtains
different lattice estimators of ηcr for different ranges of x0
(while we keep y0 − x0 ≡ τ = 0.6 fm fixed), because dif-
ferent combinations of intermediate states contribute to
three-point correlators entering rAWI . In principle any
choice of the x0–range is legitimate, however in order
to keep lattice artifacts under control we make a choice
of x0-range (the region A discussed in next paragraph)
where only intermediate states with low mass contribute
to the correlators. By considering a second reasonable
choice of x0–range (the region B below) we also explic-
itly check that the difference between the two resulting
lattice estimators of ηcr vanishes in the continuum limit,
as expected. The selection of these two x0 ranges is sug-
gested by the fact that the profile of rAWI as a function
of x0 (Fig. 4) typically exhibits two plateau regions.
The rAWI values shown in Fig. 1 of the main text and
the ηcr results of Tab. III all refer to the time plateau
region at x0 smaller than T/2 that we call region A.
In this case the x0 range is chosen in such a way that
the three-point correlators in Eqs. (L16)-(L17) are dom-
inated by the PS-meson state at times between 0 and
x0, by the one-Φ-particle state at times between x0 and
y0 = x0 + τ and by the vacuum at times larger than y0.
The time plateau region of rAWI called region B corre-
sponds instead to x0 larger than T/2. In this situation
the same three-point correlators are dominated by the
vacuum at times between 0 and x0, by a PS-meson plus
one-Φ-particle state at times between x0 and y0 and by
one-PS-meson state at times larger than y0. We check in
Fig. 5 that the difference in the values of ηcr obtained by
evaluating rAWI from the two plateau regions A and B
vanishes as an O(b2) quantity in the continuum limit.
In the NG phase we compute MPS and mAWI for the
values of η and µ listed in Tab. IV. Again strong interac-
tions are responsible for the spontaneous breaking of χ˜
symmetries (restored at ηcr), with the vacuum being po-
larized by the combined effect of the twisted mass term
(∝ µ) and the NP χ˜ breaking term(s) (e.g. ∝ c1ΛS)
in the effective Lagrangian (see Eq. (L13)). The lattice
spatial size L, which is kept fixed around 2.4 fm (if we
assume r0 = 0.5 fm for the Sommer scale r0) at the three
lattice spacings, is large enough that the pseudoscalar
meson mass MPS always satisfies MPS(η, µ)L ≥ 4.7.
The pseudoscalar (PS) meson mass MPS is straight-
forwardly evaluated from the two-point correlator∑
x〈P 1(x)P 1(0)〉, which at all our simulation points ex-
hibits a clear exponential dependence on the time sepa-
ration x0, with ground PS-state dominance for large x0
(typically & 1 fm). In terms of the lattice fermion oper-
ators (7)-(9) mAWI reads (see Eq. (L11))
mAWI =
∂FW0
∑
x〈A˜1,BW0 (x)P 1(0)〉
2
∑
x〈P 1(x)P 1(0)〉
∣∣∣
ηcr
. (17)
We extrapolate these observables to ηcr and µ = 0 with
the ansatz M2PS = Y0 +Y1η+Y2µ+Y3η
2 +Y4µ
2 +Y5ηµ
and mAWI = Y0 + Y1η + Y2µ+ Y3µ
2 .
In this way our analysis assumes no special value for
c1ΛS . In particular the chosen fit ansatz for the µ-
dependence of our observables and the variants described
in Sect. II B are suitable to describe the data even in the
case of c1ΛS = 0, when mAWI should be (owing to lat-
tice artifacts) an analytic function of µ that at η = ηcr
vanishes smoothly as µ→ 0, and in the same limit the re-
lation M2PS ∼ µ is expected to hold – up to small anoma-
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FIG. 4. A typical plot of rAWI against x0/b, here for the case
of η = −1.1374, bµ = 0.0224 and β = 5.85. The two time
regions where rAWI shows a plateau are A : x0 ∼ [0.9, 1.8] fm
and B : x0 ∼ [2.7, 3.3] fm.
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FIG. 5. The difference ηAcr−ηBcr vs. b2/r20, where ηA(B)cr is esti-
mated by using the plateau value of rAWI in the time region
A(B). The value of ηAcr − ηBcr extrapolated to the continuum
limit is well compatible with zero.
lous “chiral log” corrections in the quenched approxima-
tion [17, 22]. If instead c1ΛS 6= 0, then the low energy
effective theory of the critical model must involve both
massive (even in the µ → 0 limit) pseudoscalar meson
and the Goldstone modes of the scalar field. In this situ-
ation at η = ηcr our observables will depend on the effec-
tive quark mass ∝ √(c1ΛS)2 + ζ2µ2, which in turn ad-
mits a smooth Taylor expansion around the µ = 0 point.
Here ζ denotes a relative normalization factor which is
immaterial for our discussion.
The definition of a renormalized counterpart of the
matrix element ratio that we have suggestively denoted
by mAWI (see Eq. (L11)) requires computing both Z
−1
P ,
which, as discussed in the section “Lattice study and re-
sults”, is provided by an hadronic matrix element eval-
uated for (η, µ) → (ηcr, 0) in the Wigner phase, and
ZA˜ = ZJ˜ |ηcr = ZV˜ . Since this last renormalization
factor is independent of the twisted mass parameter
µ appearing in the action term (12), it can be accu-
rately computed by imposing, at η = ηcr, the validity
of the χ˜ SDE involving the bare lattice vector current
V˜ 2,BW = J˜2,BWL + J˜
2,BW
R , namely
ZV˜ ∂
FW
0
∑
x
〈V˜ 2,BW0 (x)P 1(0)〉
∣∣∣
ηcr
= (18)
= 2µ
∑
x
〈P 1(x)P 1(0)〉
∣∣∣
ηcr
+ O(b2) .
Indeed from the exact WTI of χL × χR symmetry that
is satisfied by the lattice χ-vector current V 2ν ,
∂νV
2
ν (x) = 2µP
1(x) , (19)
we learn that the combination 2µP 1 needs neither to be
renormalized nor rescaled by any factor. In practice the
estimates of ZV˜ that we obtained in the NG phase by
imposing Eq. (18) at the simulation points in Tab. IV
exhibit only a smooth dependence on η and µ, which
allowed us to extrapolate them to η → ηcr and µ→ 0 by
assuming the polynomial ansatz a+ bη + cµ+ dµ2.
b/fm η bµ
0.152 -1.2714 0.0050 0.0087, 0.0131, 0.0183, 0.0277
(β = 5.75) -1.2656 0.0131
-1.2539 0.0183
-1.2404 0.0131
-1.231 0.0087, 0.0183
0.123 -1.2105 0.0040, 0.0070, 0.0100, 0.0120
(β = 5.85) -1.2068 0.0040, 0.0070, 0.0100 ,0.0224
-1.2028 0.0040, 0.0070, 0.0100, 0.0120, 0.0224
-1.1949 0.0100
-1.1776 0.0070, 0.0100, 0.0140, 0.0224
-1.1677 0.0316
0.102 -1.1474 0.0066, 0.0077, 0.0116, 0.0145, 0.0185
(β = 5.95) -1.1449 0.0060, 0.0077, 0.0116, 0.0145
-1.1215 0.0077
-1.1134 0.0077, 0.0108
TABLE IV. Simulation parameters in the NG phase. We used
60 gauge and scalar paired configurations at each simulation
point. The spatial extension of the lattice is fixed to L ∼
2.4 fm, while the time extension is T = 6.0 fm for the coarsest
lattice spacing and T = 4.9 fm for the two other ones.
B. Check of analysis stability and systematics
In order to check the stability of the results presented
in the section “Lattice study and results” of the main text
and the underlying analysis of Sect. II A we have studied
the impact of modifying in turn
1. the plateau choice for rAWI , which was taken in
the time region either A or B of Fig. 4;
2. the fit function for rAWI in the Wigner phase,
which was chosen to be either of the form K0 +
K1η + K2µ or extended by adding the non-linear
term K4µ
2 (data are very well linear in η). In ad-
dition the mean value over the results from the two
fits above was considered;
83. the choice of the time plateau for MPS and mAWI ,
taken to be either [1.4, 2.2] fm or [1.1, 2.4] fm;
4. the fit functions for mAWI and M
2
PS in the NG
phase, which were both either truncated to Y0 +
Y1η+Y2µ or extended by adding in turn terms non-
linear in η and/or µ, such as Y4µ
2, Y3η
2 + Y4µ
2 or
Y3η
2 + Y4µ
2 + Y5ηµ.
Our care in checking the determination of ηcr at each
lattice spacing is due to the fact that its uncertainty,
once propagated onto mAWI and M
2
PS , turns out to be
the main source of error in the final results (20)–(21).
For each combination of the above choices the properly
renormalized results of the fits to (η, µ) = (ηcr, 0), i.e.
r0MPS and 2r0mAWIZV˜ Z
−1
P , were extrapolated linearly
in b2/r20 to the continuum limit. To estimate the impact
of possible O(b4) and higher order lattice artifacts, we
have also considered a continuum extrapolation exclud-
ing the coarsest lattice spacing, but imposing that the
two choices of taking either ηAcr or η
B
cr yield the same con-
tinuum value. For a typical choice of the time plateau and
the fit function in η and µ for MPSr0, in Fig. 6 we show
the continuum limit extrapolations obtained by working
at ηAcr or at η
B
cr and using data at three lattice spacings,
as well as the combined continuum extrapolation that re-
sults from using data on the two finer lattices at both ηAcr
and ηBcr. The analogous comparison for the renormalized
ratio 2r0mAWIZV˜ Z
−1
P is presented in Fig. 7 .
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FIG. 6. MPSr0 data and continuum limit extrapolations as
obtained by working at ηAcr (blue points) or at η
B
cr (red points)
and using data at three lattice spacings as well as combin-
ing data on the two finer lattices at both ηAcr and η
B
cr under
the constraint of a common continuum limit. A conserva-
tive choice of the time plateau for MPS and the fit ansatz
M2PS = Y0 + Y1η + Y2µ+ Y3η
2 + Y4µ
2 + Y5ηµ were adopted.
The combination of the variants discussed above pro-
duced 72 different analyses, none of which gave a result
for mAWI or MPS that is compatible with zero (i.e. with
the no-mechanism scenario). The median over all the
analyses, excluding only a few ones for M2PS that yield a
χ2 value per degree of freedom larger than 2, gives
r0MPS = 0.93±0.09±0.10 , (20)
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FIG. 7. Data and continuum limit extrapolations for
2mRAWIr0 ≡ 2r0mAWIZV˜ Z−1P in the same cases as for Fig. 6.
The fit ansatz mAWI = Y0 + Y1η + Y2µ+ Y3µ
2 was adopted.
The large values of mRAWI = Z
−1
P mAWI as compared to
mAWI reflect the large values of Z
−1
P (see Table III) in the
chosen hadronic renormalization scheme.
2r0mAWIZV˜ Z
−1
P = 1.20±0.39±0.19 , (21)
where the first error is statistical and the second system-
atic. These two error terms were estimated by attribut-
ing equal weight to all analyses, following the method of
Ref. [23] (see there the text around Eq. (28)).
Further strong evidence for a non-zero fermion mass
in the NG phase EL comes from the following “reductio
ad absurdum” argument. Let us assume that no fermion
mass term is generated. If this were the case, at η = ηcr
one should have MPS = O(b
2), and hence M2PS would
approach a vanishing continuum limit with only O(b4)
artifacts. In Fig. 8 we plot r20M
2
PS as a function of (b/r0)
4
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FIG. 8. r20M
2
PS against (b/r0)
4 in the NG phase: full (dotted)
straight lines show the continuum extrapolation linear in b4
using data at all three (only the two finest) lattice spacings.
(the original data are those at η = ηAcr already shown in
Fig. 3 of the main text, and a subset of those in Fig. 6).
On a (b/r0)
4 scale the lattice results for r20M
2
PS lie very
close to the continuum limit, which appears to be non-
zero by more than five standard deviations, whatever
ansatz is taken for the continuum extrapolation. Thus
the hypothesis of “no mechanism” is not supported by
9lattice data.
C. Check and irrelevance of finite size effects
Our observables in the NG phase were evaluated on
lattices of linear size L = 2.4 fm. In order to check the
impact of finite-size effects (FSE), for one lattice reso-
lution (β = 5.85, b ' 0.123 fm) we carried out sim-
ulations in the NG phase at precisely the same bare
parameters as specified in Table IV for two additional
lattice volumes, namely L/b = 16 ↔ L ' 2.0 fm and
L/b = 28↔ L ' 3.4 fm. The lattice time extension was
kept fixed at T/b = 40, i.e. T ' 4.8 fm, and we restricted
attention to η = −1.2068, practically coinciding with ηcr,
and two twisted mass values, bµ = (0.0040, 0.0070).
As the results at L = 2.4 fm indicate a clear evidence in
favour of the dynamical generation of a NP terms ∝ c1ΛS
in the effective Lagrangian (L13) of our model, we expect
that, owing to this and analogous NP effective action
terms, the Goldstone modes of the scalar field Φ are still
coupled to the fermion-gauge sector in spite of working at
ηcr. Thus the low energy effective theory should include
both these Goldstone modes and the massive PS mesons,
with interactions giving rise to FSE due to around-the-
world propagation of Goldstone modes and PS mesons.
While the latter will be exponentially suppressed at large
L (at L = 2.4 fm for bµ = 0.0040 we have MPSL '
5.8), the former kind of FSE are expected to decrease
only as 1/L2 and will hence be dominating. For this
reason in Figs. 9 and 10 we plot as a function of (b/L)2
our results for bMPS and bmAWI , together with their
linear extrapolation to infinite L. The use of the simple
extrapolation ansatz K0 +K1L
−2 is justified a posteriori
by the relative smallness of the observed FSE, well below
3% for MPS and 10% for mAWI in the whole L
−2–range.
The error bars on the simulated data points are merely
statistical, plus those entailed by the extrapolation in
L−2 for the infinite volume estimates.
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FIG. 9. The PS meson mass r0MPS for different lattice sizes
L as a function of (r0/L)
2 in the the critical model at β = 5.85
and two values of twisted mass bµ, together with its extrap-
olated value at (r0/L)
2 = 0. The two linear extrapolations
have very small χ2 < 0.1.
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FIG. 10. The (unrenormalized) matrix element ratio
2mAWIr0 for different lattice sizes L as a function of (r0/L)
2
in the the critical model at β = 5.85 and two values of twisted
mass bµ, together with its extrapolated value at (r0/L)
2 = 0.
The linear extrapolations have χ2 around 0.2 (bµ = 0.007)
and 0.4 (bµ = 0.004).
Although given these errors the statistical significance
for FSE is not impressive (especially in the case of MPS),
still we do observe a uniform trend for both MPS and
mAWI , which is consistent with a slight linear decrease
as a function of L−2. As anticipated in Sect. I D, the de-
viation of MPS and mAWI evaluated at L ' 2.4 fm from
their infinite volume counterparts can be conservatively
estimated to be around 1-2% and 5-7%, respectively.
FSE corrections of this size are (in particular for the
matrix element ratio named mAWI , see Eq. (L17)) a bit
larger than those one should observe (see e.g. Ref. [24])
in a QCD-like theory with scalars completely decoupled,
but seem to be of a reasonable magnitude for a model
with Goldstone modes non-perturbatively coupled to the
fermions owing to a non-zero c1. The latter can be
roughly estimated to be of order 0.1. In fact on the basis
of the MPS results quoted in Eq. (20) c1 should describe
a NP fermion mass close to one third of the strange quark
mass (if we calibrate our model with r0 from QCD).
Anyway the observed finite-L corrections on the results
for MPS and mAWI at L ' 2.4 fm are well below the
uncertainties shown in Figs. 2 and 3 of the main text, or
those quoted in Eqs. (20)–(21).
A more detailed understanding of the FSE on specific
hadron masses and operator matrix elements is beyond
the scope of the present work. It is however important
to remark that the evidence for a NP terms ∝ c1ΛS in
the effective Lagrangian of our critical model can be per-
fectly well established in finite volume, provided the sys-
tem volume (L3T ) is large enough to allow for vacuum
orientation under the phenomenon of (dynamical) spon-
taneous breaking of the χ˜ flavour symmetries.
In our case we can check the large volume condition by
looking at the value of MPSL for L = 2.4 fm, or equiv-
alently L/r0 = 4.8, and MPS ∼ 0.93/r0, as obtained in
the limits µ→ 0 and b2 → 0, see Eq. (20). In this way we
find MPSL ∼ 4.5, a confortably large value which guar-
antees that the vacuum of the system under the (strong
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interaction driven) spontaneous breaking of the χ˜ flavour
symmetries gets actually polarized by the dominating ef-
fective action terms breaking explicitly these symmetries.
For this reason, in the results of Eqs. (20)–(21), which es-
tablish the mass generation mechanism at L = 2.4 fm,
we can safely ignore the finite size corrections, which also
turn out to be much smaller than other errors.
D. Studies at larger values of ρ and v
Once a fermion mass term breaking χ˜L×χ˜R symmetry
is found in the continuum limit of the critical theory in
its NG phase, as conjectured in Ref. [7], it is important
to check the behaviour of this mass as a function of ρ and
the scalar field expectation value v.
Since as ρ → 0 also ηcr vanishes [7], at ρ = 0 the
χ˜L×χ˜R transformations become exact symmetries of the
lattice model (1) and mAWI vanishes, as well as the infi-
nite volume value of MPS . One thus expects that mAWI
and M2PS are increasing functions of ρ, and arguments
were given in Ref. [7] according to which for small ρ they
should increase at least as O(ρ2). The main results of this
work were produced at ρ = 1.96 and r0vR = 1.207(3),
for lattice spacings where the combination ρbv, which
roughly speaking plays here a role analogous to the one
of the r-parameter for Wilson fermions as far as the mag-
nitude of the χ˜L× χ˜R breaking is concerned, ranges from
0.5 to 0.7.
In order to check the ρ dependence of mAWI and M
2
PS
we have thus studied the case of a 1.5 times larger ρ value,
namely ρ = 2.94, for the intermediate lattice spacing
(β = 5.85, a ∼ 0.123 fm) and for the same scalar sector
parameters as specified in Sect. I D.
The list of simulations we performed at ρ = 2.94 is
given in Tab. V. We limited ourselves to a few simula-
tions since due to the larger ρ value the CPUtime effort
for inverting the Dirac matrix for similar volumes and
twisted mass values increased by a factor 5 to 10 with
respect to the case of ρ = 1.96.
phase (L3 × T )/b4 η bµ
Wigner 163 × 32 -1.765 0.0140, 0.0210, 0.0280
-1.7160 0.0210
-1.6670 0.0210
NG 203 × 40 -1.8376 0.0100
-1.8197 0.0050 0.0100 0.0150
-1.7808 0.0100
TABLE V. Simulation parameters at ρ = 2.94, β = 5.85. We
use 480 gauge and scalar paired configurations in the Wigner
phase and 60 in the NG phase at each simulation point.
In the Wigner phase, using the data analysis procedure
of Sect. II A, we found that changing ρ from 1.96 to 2.94
leads to a substantial change of ηcr, from −1.207(8) to
−1.838(13). Notice that the increase of ηcr is almost per-
fectly linear in ρ, in line with the theoretical remark [7]
that ηcr is an O(ρ) quantity, and an odd function of ρ.
In the NG phase we observed a significant increase
of 2r0mAWIZA˜Z
−1
P from 1.15(0.21) to 2.80(0.36) (see
Fig. 11) as well as a similar increase of M2PSr
2
0. These
findings are in nice agreement with theoretical expecta-
tions from Ref. [7]. For their interpretation in the context
of a revised concept of universality in more realistic mod-
els based on the NP mass mechanism under discussion,
see the remarks at the end of the section “Lattice study
and results” and in Sect. VI.
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Due to CPU time limitations we leave for a future
study the investigation of the behaviour of mAWI and
M2PS in the critical theory as a function of the scalar field
expectation value v, which is motivated by the remarks
in the main text (section “Nambu–Goldstone phase and
NP anomaly”) on the dependence of c1 on µˆ
2
φ.
E. Summary of numerical results
For completeness we summarize in the Tables VII (for
the Wigner phase) and VIII (for the NG phase) all the
simulation data we have obtained, which were used to
produce the results and the figures presented in the pa-
per. In the Table IX we also provide the data from the
additional simulations at η = ρ = 0 that were carried
out in view of the consistency checks discussed in the
section V A.
III. m2φ INDEPENDENCE OF ηcr
The critical value of the bare Yukawa coupling, ηcr,
is defined as the value of η that solves the equation
η − η¯(η; g20 , ρ, λ0) = 0. The dimensionless coefficient
function η¯(η; g20 , ρ, λ0) characterizes the UV power diver-
gent mixing of the d = 6 operator OLi6 with the d = 4
density D˜iL. Here D˜
i
L and O
Li
6 stand for the operators
that are obtained from the variation of the LY and LW
terms in Eq. (1), respectively, under an isotriplet (index
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i) χ˜L transformation. The expression of D˜
i
L is given in
Eq. (L6), while the detailed form of OLi6 can be found in
Sect. III D of Ref. [7].
In what follows we explain why the dimensionless mix-
ing coefficient η¯, and consequently also ηcr, is indepen-
dent of the scalar squared mass parameter m2φ, or more
precisely of its subtracted counterpart µ2φ ≡ m2φ − m2cr
(we neglect here a dimensionless renormalization factor,
as it is irrelevant for our arguments). This property is
a consequence of renormalizability, locality and straight-
forward dimensional considerations. We start by observ-
ing that in a correlator of renormalized fields with one
insertion of OLi6 the leading UV divergency is given by
quadratically divergent Feynman diagrams and is insen-
sitive to the shift µ2φ → µ2φ + δm2. Indeed, if we imagine
expanding in δm2 these diagrams, we see that for dimen-
sional reasons the terms in the expansion beyond the first
one will be necessarily suppressed by at least one relative
power of b2δm2. Hence they do not contribute to η¯.
At the NP level one might worry about the possibil-
ity that µ2φ enters η¯ scaled by Λ
2
S . We now prove that
the presence of either positive or negative powers of the
ratio µ2φ/Λ
2
s in η¯ would violate the general principles of
renormalizability in Quantum Field Theories, which are
assumed to hold in our Ltoy model.
1) Positive mass powers - Terms of the kind µ2φ/Λ
2
s,
i.e. terms displaying inverse powers of the RGI scale of
the theory, cannot appear in a renormalizable field the-
ory. Apart from the fact that this kind of dependence
would completely ruin the Feynman diagrams power
counting, from the argument given above and renormal-
izability to the NP level in g20 it follows that corrections
∼ µ2φ/Λ2s to η¯ can never occur.
In fact, one explicitly checks that any correlator of
renormalized fields with one insertion of OLi6 can be ex-
panded in powers of η, ρ and λ0 yielding a series where
each term corresponds to a diagram consisting only of
renormalized effective vertices with external legs and/or
scalar lines sewn with a number of scalar field propaga-
tors. In all terms of this series the µ2φ dependence comes
only from the scalar propagators, since the renormalized
effective vertices, which by construction here resum di-
agrams with gluon and fermion (but no scalar) internal
lines, are independent of µ2φ, up to immaterial O(b
2) arti-
facts. Hence, under the shift µ2φ → µ2φ+δm2, a correction
to the correlator of the kind δm2/Λ2s does not occur. In-
deed, were such a correction present, it could only arise
as the product of a relative O(b2δm2) correction from
the scalar propagators times an O(b−2Λ−2S ) contribution
from the µ2φ-independent renormalized effective vertices.
But, as the renormalized effective vertices are by defi-
nition UV finite, this is manifestly impossible, thereby
ruling out terms of the kind µ2φ/Λ
2
s in the correlator.
2) Negative mass powers - Terms of the kind Λ2s/µ
2
φ,
i.e. terms displaying inverse powers of mass parameters
cannot show up in mixing coefficients. In fact, IR diver-
gencies, revealed in the limit of vanishingly small mass,
can only appear in matrix elements and not in the ex-
pression of the renormalized operators in terms of the
bare ones. This is the consequence of the fact that one
can determine the mixing coefficients by only using cor-
relators at non-exceptional momenta that do not develop
IR divergencies in the massless limit.
ηAcr η
B
cr b
2µ2φ r
2
0µ
2
φ
-1.145(6) -1.136(6) 0.0504(10) 1.22(3)
-1.138(2) -1.132(2) 0.0171(10) 0.41(3)
TABLE VI. The values of ηAcr and η
B
cr at fixed bare couplings
g20 = 6/5.95, ρ = 1.96, λ0 = 0.6022 for the values of µ
2
φ ≡
(m2φ−m2cr) given in the 3rd (4th) column in lattice (r0) units.
Finally, as a check of consistency, we repeated the nu-
merical computation of ηcr at β = 5.95 reducing the
subtracted squared scalar mass, r20µ
2
φ ≡ r20(m2φ − m2cr),
from 1.22 to 0.41, see Table VI. For this smaller value
of the subtracted scalar mass we worked at the same
bare parameters and lattices as employed for the larger
one, see the block of Tab. II corresponding to β = 5.95.
Adopting the same analysis procedure as discussed in
Sect. II A, we find that the change in the estimated value
of ηcr observed upon reducing µ
2
φ by a factor of three
is not significant within our statistical errors. More-
over the change in the central ηcr value obtained with
the two different values of µ2φ in Table VI but the same
choice of time plateau for rAWI is at a given µ
2
φ as
small as the central value of ηAcr − ηBcr, which is cer-
tainly an O(b2) lattice artifact in the computation of
ηcr. These findings altogether are nicely consistent with
ηcr = ηcr(g
2
0 , ρ, λ0)|g20=6/5.95,ρ=1.96,λ0=0.6022 being inde-
pendent of the value of µ2φ up to O(b
2) lattice artifacts.
IV. LATTICE ARTIFACTS O(b2n)
We show in this section that in the lattice model (1)
only discretization errors of order O(b2n) (n positive inte-
ger) can show up in the continuum limit of renormalized
quantities. This property is a consequence of the exact
invariance of the lattice action under the global χL×χR
transformations, the form of which is given by Eqs. (L3)-
(L4), with ΩL and ΩR independent SU(2) matrices.
The proof is based on the observation that for symme-
try reasons the Symanzik local effective Lagrangian [25–
27] describing the lattice artifacts of the model (1), with
the subtracted scalar squared mass µ2φ ≡ m2φ−m2cr set to
an O(b0) value, cannot involve operator terms with odd
engineering mass dimension, thereby taking the form
LSymtoy = L4 +
∞∑
n=1
b2nL4+2n . (22)
In fact, by properly combining parity (P ), time reversal
(T ), a finite χL × χR transformation and a finite vector
U(1) transformation, which all correspond to exact lat-
tice symmetries, one can define a lattice transformation
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which, in analogy with the Wilson Lattice QCD case dis-
cussed in Ref. [10], we call Dd. The action of Dd on the
lattice fields reads
Q(x)→ iQ(xPT ) , Q¯(x)→ iQ¯(xPT ) ,
Φ(x)→ −Φ(xPT ) , Uµ(x)→ U†µ(xPT ) , (23)
where the SU(3) gauge link transformation implies for
the gauge potentials Aµ(x) → −Aµ(xPT ), µ = 0, 1, 2, 3.
One can also check that the gauge covariant derivatives
transform so that e.g. ∇˜µQ(x)→ −i∇˜µQ(xPT ), while for
the plaquette Uµ6=ν(x) we have Uµ6=ν(x)→ U†µ6=ν(xPT ).
We thus see that all the fields entering the basic lat-
tice action (1) under the operation Dd get transformed
in their counterparts localized at the PT -reflected coor-
dinate xPT = −x times a phase (−1)dF , where dF is the
engineering mass dimension of the field F , namely dA =
dΦ = −1 for gluons and scalars, dQ = dQ¯ = (−1)3/2 = i
for fermion fields. By the arguments of Ref. [27], the
invariance of the lattice action (1) under Dd implies an
analogous invariance of the formal Symanzik effective La-
grangian LSymtoy under the continuum counterpart of Dd,
which in turn rules out from it all the local terms with
odd engineering mass dimension, leading to Eq. (22).
By using again the exact Dd invariance and the stan-
dard arguments of Ref. [27] about the lattice artifact
corrections to local operators, it is also clear that the
discretization errors on the matrix elements of a local
operator O(x) taken between states at momenta para-
metrically much smaller than b−1 can be fully described
in terms of the Symanzik effective Lagrangian LSymtoy and
the effective local operator O0(x) +
∑∞
n=1 b
2nO2n.
The same kind of arguments can be straightforwardly
extended to prove that the power divergent mixings of a
local operator can only involve even powers of b−1.
V. FURTHER CONSISTENCY CHECKS
After discussing in Sects. II to IV several technical
aspects concerning the numerical evidence for the NP
mass generation mechanism under investigation, here we
present evidence that no such a phenomenon occurs if
the fermionic chiral transformations χ˜L × χ˜R (see Eqs.
(L3)–(L4)) are exact in the UV regulated lattice model,
i.e. for the case of ρ = 0 and η = ηcr(g
2
0 , 0, λ0) = 0. Since
the scalar Φ field is then completely decoupled, this case
actually corresponds to quenched lattice QCD with na¨ıve
fermions.
We also show that in the Wigner phase of the critical
model corresponding to ρ = 1.96 the pseudoscalar (PS)
meson squared mass in the combined chiral and contin-
uum limits vanishes within errors, as expected from the
arguments given in the main text (Sect. 2) and in Ref. [7].
A. The critical model at ρ = η = 0
In this section we present a study of the model obtained
by taking η = 0, ρ = 0 with the purpose of showing that
in the absence of chirally breaking terms the dynamical
mass generation phenomenon identified in this work does
not take place. Indeed, in this situation we get quenched
lattice QCD with the scalars completely decoupled from
(na¨ıve) fermions and gluons. We thus expect both MPS
and mAWI to vanish in the infinite volume limit. As in
the case of the toy-model (1) discussed before, reliable
simulations at η = 0, ρ = 0 require introducing a twisted
mass term, like Eq. (12), that can be safely removed by
taking the limit µ→ 0 at fixed lattice spacing.
For the sake of this check we will limit our investigation
to the finest lattice resolution at our disposal, namely
β = 5.95, corresponding to b ' 0.102(6) fm, and con-
sider seven (small) values of the twisted quark mass µ.
Details about simulation parameters (chosen as in the
study of the model with non-zero χ˜ symmetry breaking)
and numerical results are given in Table IX.
In Figs. 12 and 13 we compare the values of 2r0mAWI
and r20M
2
PS , respectively, at ρ = η = 0 with the values
obtained for the same lattice resolution (β = 5.95) at ρ =
1.96 and η = ηcr in the NG phase (Tables IV and VIII).
First of all we see that in the case η = 0, ρ = 0 mAWI
vanishes for all values of bµ. This is a somewhat triv-
ial result, however, because actually the twisted mass
term (12) does not contribute to the SDE associated with
the χ˜L× χ˜R transformations (L11) for i = 1, from which
mAWI is extracted at non-zero µ–values (see Eq. (17)).
More interesting is the case of M2PS . The value of r
2
0M
2
PS
at ρ = η = 0 extrapolated to µ = 0 is ∼ 20 times smaller
than the value we found at η = ηcr, ρ = 1.96.
While in the latter case the data from simulations at
several η- and µ-values at β = 5.95 (Table IV) were ex-
ploited and fit according to the ansatz M2PS = Y0 +Y1η+
Y2µ + Y3η
2 + Y4µ
2 + Y5ηµ , for the case of η = ρ = 0
the extrapolation to µ = 0 yields r20M
2
PS |µ=0;β=5.95 =
0.041(11) and is performed by fitting our data (with
MPSL ≥ 4) to a third order polynomial in the twisted
mass parameter µ. Following several authors [11, 12, 14]
who studied the meson spectrum in the quenched ap-
proximation with similar lattice sizes and statistics, we
choose for M2PS as a function of the quark mass µ a
polynomial fit ansatz that reproduces the LO behaviour
expected in Chiral Perturbation Theory and effectively
describes higher order chiral terms and lattice artifacts
proportional to b2µ2ΛS or b
2µ3. We do not try to disen-
tangle quenched and/or standard “chiral log” effects, a
task that is beyond the scope of our work and typically
requires higher statistics than we have. For instance,
using an effective statistics about 30 times larger (due
to more gauge configurations and bigger lattices) than
here the authors of Ref. [13] could estimate only with
a 50–60% relative uncertainty the parameter δ ∼ 0.1 of
the anomalous quenched “chiral log” [17, 22] behaviour
M2PS ∼ (2Bµ)1/(1+δ).
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Although lattice symmetries here imply that in infi-
nite volume one should get M2PS → 0 as µ → 0, the
marginally significant deviation from zero that we ob-
serve in r20M
2
PS |µ=0;β=5.95 = 0.041(11) is likely to arise
from a combination of statistical uncertainties and small
residual finite size and/or quenched “chiral log” effects.
Our result appears anyway to be well in line with what
was obtained (with larger errors on a bit smaller lat-
tices) in previous studies of quenched twisted mass lat-
tice QCD, see e.g. Refs. [28, 29], which for L = 1.6 fm at
fixed (very similar) lattice spacing find r20M
2
PS |µ=0;β=6 =
0.014(58).
Most importantly for the goals of the present work, if
one assumes a systematic absolute uncertainty of 0.04 in
the extrapolation of r20M
2
PS to µ = 0 the resulting error
on r0MPS amounts to only ∼ 2.5% of our final result for
r0MPS in the NG phase, see Eq. (20), and is thus four
times below the relative systematic error quoted there.
The present study of mAWI and M
2
PS in the model at
ρ = η = 0 provides hence a nice consistency check of our
results in the main text and Sect. II.
The findings above are also in agreement with the nu-
merical evidence presented in Sect. II D that, when the
non-zero parameter ρ that controls the explicit breaking
of the χ˜ symmetries is increased by a factor 1.5, the NP
fermion mass that is dynamically generated in the NG-
phase of the critical model increases by a factor ∼ 2.4(3),
i.e. nearly like ρ2, as expected from arguments in [7].
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FIG. 12. The values of 2r0mAWI in the NG phase at β = 5.95
at η = ηcr, ρ = 1.96 (red curve) and their counterparts at
η = 0, ρ = 0 (blue curve). In this comparison at fixed lattice
spacing we use the unrenormalized quantity mAWI .
It is finally worth comparing the model at η = ρ = 0
with the model at ρ = 1.96 and η = ηcr in the Wigner
phase. These two choices of parameters are expected to
describe the same model in the continuum limit, but at
fixed lattice spacing they will differ by lattice artifacts.
Indeed Fig. 14 shows that at β = 5.95 the extrapolated
values of r20M
2
PS at µ = 0 do not significantly differ, while
the small misalignment of the blue (η = 0, ρ = 0) and red
curves (η = ηcr, ρ = 1.96) should be ascribed to lattice
artifacts and/or small (differences in) finite size effects.
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PS at β = 5.95 in
the Wigner phase at η = ηcr, ρ = 1.96 (red curve) with their
counterparts at η = 0, ρ = 0 (blue curve).
B. MPS in the Wigner phase of the critical model
Here we show evidence that in the Wigner phase of
the quenched critical model at ρ = 1.96 the quantity
r20M
2
PS approaches zero within errors in the combined
continuum and µ → 0 limits. Our final error on the ex-
trapolated value of r20M
2
PS is not much smaller than it
was in the quenched twisted mass lattice QCD study of
Refs. [28, 29], because in the present work the simula-
tions in the Wigner phase are rather expensive due to
Φ-field induced fluctuations of the fermion propagators
and have been thus limited to only three or four values
of µ (times three values of η) per each lattice spacing.
This was enough for our main goal of determining ηcr.
Although r20M
2
PS should vanish as µ → 0 even at finite
lattice spacing, combining data at three different lattice
resolutions effectively increases the statistical informa-
tion and allows for a better control of the µ-dependence
in the available PS-meson mass range.
In this consistency check we employ PS-meson mass
data coming from our Wigner phase simulations (satis-
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fying MPSL ≥ 5.3), which for each lattice spacing are
extrapolated to η = ηcr linearly in (η − ηcr)2. Even
if performing an extrapolation linear in (η − ηcr) would
yield equivalent numerical results within our present er-
rors, from a theoretical viewpoint in the phase with zero
vacuum expectation value of Φ the two–points PS–meson
correlator and all derived quantities are expected to ad-
mit a Taylor expansion in powers of (η − ηcr) with only
terms of even integer degree.
In Fig. 15 we plot the critical model lattice data for
r20M
2
PS at the three lattice spacings and several values of
the twisted mass as a function of r0µR = r0µZ
−1
P , where
µR is the renormalized twisted mass and Z
−1
P = G
W
PSr
2
0 =
〈0|P 1|PS meson〉W (see main text, Sect. “Lattice study
and results”). The r20M
2
PS data are then fit to the ansatz
K0 + K1µRr0 + K˜1µRb
2r−10 + K2µ
2
Rr
2
0, while the errors
on bMPS , r0/b and Z
−1
P at each β are propagated taking
correlations into account through a jackknife analysis.
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FIG. 15. The values of r20M
2
PS in the Wigner phase at η =
ηcr, ρ = 1.96, are shown as functions of µRr0 together with
the curves at fixed β obtained from the combined fit (see
text) in b2 and µ. The result of the continuum and µ → 0
extrapolation is denoted by a red cross symbol.
The resulting best fit describes well the data and is
shown for each lattice resolution (continuous curves) and
in the continuum limit (dotted curve), where at µR = 0
we obtain r20M
2
PS = 0.032(51). The deviation from zero
is statistically not significant, but does not exclude small
finite size effects and/or quenched “chiral log” corrections
(see also the discussion in Sect. V A).
VI. TOWARDS A REALISTIC MODEL
We extend here the discussion started in the section
“Conclusions and outlook” of the main text about how
one can possibly build particle physics models based on
the NP mass generation mechanism discussed and iden-
tified in this paper. In order to get a phenomenologi-
cally sensible theory one has to extend the model (L1)
by introducing, besides EW interactions, also a “Tera-
strong” force and a set of “Tera-fermions” (we take this
name from Ref. [30]) that communicate with ordinary
matter (quarks or leptons) via strong and/or EW inter-
actions [31]. The “Tera-strong” force should be given by
a new non-Abelian gauge interaction that becomes strong
at the scale ΛT  ΛQCD, where ΛT can be roughly esti-
mated to be in the few TeV range [7, 31].
Models of this type without tree-level flavour chang-
ing neutral currents can be easily formulated, if
SU(2)L×U(1)Y invariant EW interaction terms are in-
troduced in the same way as in the SM, e.g. by cou-
pling SU(2)L gauge bosons only to left-handed Tera-
fermions arranged in doublets of definite hypercharge.
By then taking all right-handed Tera-fermions to be weak
isospin singlets with given hypercharge the usual rela-
tion Qem = T3 + Y/2 between electric charge Qem, third
weak isospin component T3 and hypercharge Y is always
fulfilled. Owing to the sizeable NP mass of the “Tera-
fermions”, the lightest Tera-mesons are expected to be
rather heavy, i.e. with a mass around 2-3 times ΛT , im-
plying that these extended models have a good chance of
passing the EW precision tests, in particular those con-
cerning the S-parameter [32, 33]. By treating the chiral
SU(2)L×U(1)Y interactions in perturbation theory and
carrying out unquenched lattice simulation of models in-
cluding QCD and “Tera- strong” gauge forces, it is in
principle possible to relate with controllable errors the
NP mass of the top quark to the mass of the lightest
“Tera-mesons”, which should be seen as resonances in
accelerator experiments at sufficiently high energy.
Lattice methods can also be useful to check and pos-
sibly establish the existence in the WW + ZZ channel
of one composite Higgs state with mass Mh ∼ 125 GeV,
which is expected to form owing to the interactions of
weak gauge bosons with “Tera-fermions” that are sub-
jected to EW and “Tera-strong” interactions. For a first
step in this direction see Ref. [34]. If the existence of such
a composite Higgs state is confirmed, then perturbative
unitarity of the (longitudinal) WW scattering amplitude
at momentum scales well below ΛT , for which the Higgs
state plays a crucial role [35], would make very plausible
that the Higgs couplings are close to the present experi-
mental findings and deviate from their SM value only by
small O(p2/Λ2T ) effects, with p
2 standing for M2h or the
typical momentum scale of the process where the Higgs
couplings are measured.
A striking and interesting feature of our mass gener-
ation mechanism is the observed dependence of low en-
ergy physical quantities on the parameters of the d ≥ 6
χ˜ breaking Lagrangian terms. To all orders in the per-
turbative expansion in the gauge coupling these terms
would represent irrelevant details of the UV completion
of the critical model. But at the NP level, in the NG
phase of the critical theory, the d ≥ 6 χ˜ breaking opera-
tors appearing in the UV regulated classical Lagrangian
produce relevant O(Λ0UV ) effects, because the symmetries
of our model allow for the occurrence in the EL of RGI
finite NP terms, such as those with coefficients c1 and
c2 in Eq. (L13). As first pointed out in Ref. [7] and dis-
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cussed in the section “Nambu–Goldstone phase and NP
anomaly”, this dynamical phenomenon is due to a sub-
tle interplay between the residual O(b2) terms violating
χ˜L× χ˜R and the strong interactions, which are responsi-
ble for spontaneous breaking of the approximate χ˜L× χ˜R
symmetries. Of course no such a phenomenon would be
observed if the critical model were defined in a UV reg-
ularization preserving exactly χ˜L × χ˜R invariance, e.g.
at ρ = 0 and η = ηcr|ρ=0 = 0. This remark, which is
indeed consistent with our numerical finding that c1 in-
creases upon increasing ρ, see Sect. II C, also implies that
non-Abelian gauge models including fermions and scalars
in general fall into different universality classes depend-
ing on whether the UV regularization breaks or possibly
preserves the purely fermionic chiral symmetries.
In other words, the “NP anomaly” to the recovery of
broken fermionic chiral symmetries that we demonstrated
in our work appears to require a non-trivial revision of
the concept of universality, as compared to its standard
formulation which can be proven to all orders of per-
turbation theory (only). This important point certainly
deserves a more thorough investigation. At the moment
it seems to us conceivable that the kind of universality
that is realized in the context of maximal χ˜ restoration
carries over also to the NP mass terms in the EL [31].
In this new NP framework universality should thus mean
that a set of UV complete models endowed with different
χ˜ breaking Lagrangian terms lead to the same low energy
observables, once the conditions of maximal χ˜ restoration
are fulfilled at correspondingly different critical values of
the relevant bare parameters. The low energy physics
should thus be controlled only by the gauge couplings,
the number of fermions and their transformation proper-
ties under the gauge groups, plus possibly a finite num-
ber of dimensionless coefficients parametrizing the rela-
tive strength of the χ˜ breaking terms for the different
fermion generations and having a magnitude limited by
the conditions of maximal χ˜L restoration.
We finally note that a beyond the SM model support-
ing the mass generation mechanism we have discussed
and endowed with a reasonable content of (standard and
Tera) matter fields, if a suitable, non standard choice of
hypercharges for Tera-fermions is made, can yield unifi-
cation of EW and strong (and perhaps even Tera-strong)
gauge couplings [36] at an energy scale around 1018 GeV
and to a precision level that is as good as for the unifi-
cation achieved in the Minimal SUSY Model.
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bµ η b2M2PS 2bmAWI ZV
β = 5.75, λ0 = 0.5807, b
2m2φ = −0.5941, ρ = 1.96, L/b = 16, T/b = 40
0.005 -1.2715 0.0882(22) 0.01738(41) 0.9904(240)
0.0087 -1.2715 0.1214(15) 0.02206(34) 0.9752(93)
0.0131 -1.2715 0.1561(13) 0.02611(32) 0.9764(56)
0.0183 -1.2715 0.1945(12) 0.02989(32) 0.9791(43)
0.0277 -1.2715 0.2600(12) 0.03541(33) 0.9834(33)
0.0131 -1.2657 0.1489(12) 0.02359(31) 0.9735(52)
0.0183 -1.2540 0.1757(10) 0.02212(29) 0.9730(35)
0.0131 -1.2404 0.1244(09) 0.01357(26) 0.9630(38)
0.0131 -1.2277 0.1161(08) 0.00894(24) 0.9592(33)
0.0183 -1.2277 0.1557(08) 0.00894(24) 0.9658(26)
β = 5.85, λ0 = 0.5917, b
2m2φ = −0.5805 ρ = 1.96, L/b = 20, T/b = 40
0.004 -1.2106 0.0851(20) 0.01894(44) 0.9420(190)
0.007 -1.2106 0.1032(17) 0.02099(39) 0.9518(100)
0.01 -1.2106 0.1220(16) 0.02271(39) 0.9577(70)
0.012 -1.2106 0.1348(15) 0.02371(39) 0.9609(57)
0.004 -1.2069 0.0785(19) 0.01717(40) 0.9422(170)
0.007 -1.2069 0.0974(17) 0.01930(37) 0.9517(95)
0.01 -1.2069 0.1169(15) 0.02104(37) 0.9577(65)
0.0224 -1.2067 0.1981(13) 0.02609(39) 0.9701(30)
0.004 -1.2028 0.0717(18) 0.01529(36) 0.9420(150)
0.007 -1.2028 0.0914(16) 0.01749(35) 0.9517(87)
0.01 -1.2028 0.1115(14) 0.01924(36) 0.9577(61)
0.012 -1.2028 0.1250(14) 0.02024(36) 0.9607(50)
0.0224 -1.2028 0.1943(13) 0.02432(38) 0.9697(29)
0.01 -1.1950 0.1022(13) 0.01591(33) 0.9578(52)
0.007 -1.1777 0.0636(10) 0.00756(25) 0.9538(56)
0.01 -1.1777 0.0861(10) 0.00896(28) 0.9580(39)
0.014 -1.1777 0.1153(10) 0.01048(30) 0.9620(28)
0.0224 -1.1777 0.1746(10) 0.01309(32) 0.9674(20)
0.0316 -1.1677 0.2325(10) 0.01103(33) 0.9706(15)
β = 5.95, λ0 = 0.6022, b
2m2φ = −0.5756, ρ = 1.96, L/b = 24, T/b = 48
0.006 -1.1475 0.0615(11) 0.01380(33) 0.9725(110)
0.0077 -1.1475 0.0705(11) 0.01444(32) 0.9729(84)
0.0116 -1.1475 0.0922(11) 0.01565(31) 0.9741(54)
0.0145 -1.1475 0.1089(11) 0.01640(30) 0.9749(43)
0.0185 -1.1475 0.1325(11) 0.01732(30) 0.9757(34)
0.006 -1.1450 0.0589(11) 0.01279(32) 0.9713(110)
0.0077 -1.1450 0.0681(11) 0.01344(31) 0.9720(80)
0.0116 -1.1450 0.0902(11) 0.01463(30) 0.9735(51)
0.0145 -1.1450 0.1071(11) 0.01538(30) 0.9744(41)
0.0077 -1.1216 0.0522(09) 0.00462(23) 0.9671(47)
0.0108 -1.1134 0.0691(09) 0.00224(21) 0.9669(34)
0.0077 -1.1134 0.0496(08) 0.00166(21) 0.9642(44)
β = 5.85, λ0 = 0.5917, b
2m2φ = −0.5805, ρ = 2.94, L/b = 20, T/b = 40
0.01 -1.8376 0.2044(30) 0.04219(65) 0.922(17)
0.005 -1.8197 0.1512(33) 0.03254(69) 0.847(35)
0.01 -1.8197 0.1785(28) 0.03560(59) 0.916(16)
0.015 -1.8197 0.2085(25) 0.03869(55) 0.942(10)
0.01 -1.7808 0.1292(22) 0.02232(48) 0.915(12)
TABLE VIII. The values of b2M2PS , 2bmAWI and ZV measured in the NG phase at ρ = 1.96 and ρ = 2.94.
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bµ η b2M2PS 2bmAWI 1− ZV˜
β = 5.95, λ0 = 0.6022, b
2m2φ = −0.5756, ρ = 0, L/b = 24, T/b = 48
0.0040 0 0.02729(39) -18(6)×10−12 1(13)×10−12
0.0050 0 0.03352(41) -2(8)×10−12 15(14)×10−12
0.0060 0 0.03967(42) -3(6)×10−12 10(12)×10−12
0.0077 0 0.05005(45) 2(9)×10−12 -1(11)×10−12
0.0090 0 0.05794(47) -6(7)×10−10 -7(7)×10−9
0.0100 0 0.06399(48) -4(7)×10−10 18(13)×10−12
0.0116 0 0.07363(49) -6(8)×10−12 14(10)×10−12
TABLE IX. The values of b2M2PS , 2bmAWI and ZV˜ measured at ρ = 0 and η = 0. Boundary conditions were the same as in
the study of the model with non-zero ρ and η.
